Abstract. In this note we generalize Bloch's approximation lemma. We prove that for a smooth arithmetic scheme with a given finite set of closed points we can find a curve on the arithmetic scheme which contains these points as regular points.
Introduction
In higher dimensional class field theory one tries to calculate the abelian fundamental group π ab 1 (X) of an arithmetic scheme X in terms of some suitably defined class group, which should generalize the classical class group in the one-dimensional case. A basic geometric ingredient in all approaches to higher global class field theory is the so called Bloch approximation method. The version of it, which is proven in Section 3 of this note, says:
Theorem. On a smooth quasi-projective arithmetic scheme X/O, where O is the ring of integers of some number field, and for a given finite family of closed points of X we can find a curve, i.e. an integral one-dimenstional closed subscheme of X, which contains these points as regular points.
This strengthens Bloch's original lemma [1, Lemma 3.3] . The statement is even stronger than the extension of Bloch's lemma in [6, Lemma 6 .21] and we give a completely different proof using a new Bertini theorem over finite fields due to Gabber [2] and Poonen [5] . This generalized form of Bloch's approximation lemma simplifies several arguments in higher class field theory, see for example [4] .
Cebotarev density
In this section we recall -for the convenienve of the reader -the generalized Cebotarev density theorem due to Lang and Serre, which is the only arithmetic input in our proof of Bloch approximation. For proofs we refer to [7] . Let X be an integral scheme of finite type over Z, d = dim(X). One can show that
Here for a closed point x in X we denote by N(x) the number of elements in k(x). Given a subset M ⊂ |X| we call
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the density of M if the limit exists. Let Y → X be a Galois covering with G = Gal(Y /X). Proposition 1.1 (Cebotarev-Lang-Serre). If R ⊂ G is stable under conjugation and M = {y ∈ |Y | | F rob y ∈ R} the density D(M ) is well defined and
Varieties over finite fields
In this section we recall the Bertini theorem of Poonen and Gabber over finite fields. Let X be a quasi-projective subscheme of P n k where k is some finite field. For a nonvanishing section f ∈ H 0 (P n k , O(d)) we denote by H f the corresponding hypersurface. Proposition 2.1 (Gabber-Poonen). Assume X is smooth and Proposition 2.2. If H ⊂ P n k is a hypersurface and if X ⊂ P n k is a closed subscheme with dim(X) ≥ 2, which is geometrically irreducible and smooth over k, then the intersection H ∩ X is geometrically connected.
Arithmetic schemes
Let F be a number field and O its ring of integers. A scheme X/O is called an arithmetic scheme if it is integral, separated, flat and of finite type. By a curve we mean an integral one-dimensional closed subscheme of an arithmetic scheme. Theorem 3.1. Let X be a quasi-projective arithmetic scheme which is smooth over O and let Y → X be a Galois covering. Let x i (1 ≤ i ≤ n) be a finite set of closed points of X. Then there exists a curve C ⊂ X such that (i) The points x i are regular points of the curve C.
(ii) The scheme Y × X C is irreducible.
Proof. In the first part of the proof we use induction on dim(X) to reduce to the case dim(X) = 2. In the second part we handle the case dim(X) = 2. 1st part: Assume dim(X) > 2 and the theorem is known for two-dimensional schemes -this case will be validated in the second part. According to Proposition 1.1 we can find closed points x i ∈ X (n < i ≤ m) such that each conjugacy class in Gal(Y /X) contains at least one Frobenius F rob x i for some i.
Claim (dim > 2). There exists a curve C on X which contains x i (1 ≤ i ≤ m) as regular points.
Proof. We prove the claim by induction on dim(X) ≥ 2. The case dim(X) = 2 is shown in the 2nd part below. Let Z ⊂ |Spec(O)| be the image of the set of points {x i |1 ≤ i ≤ m} and denote η the generic point of Spec(O). Write X as a subscheme of P N O .X will denote the closure of X in P N O . Using Hironaka's resolution of singularities at the generic fibre we can assume without restriction thatX η is smooth over F . After replacing F by the algebraic closure of F in X η we can assume thatX η is geometrically irreducible over F . Then we can find a prime ideal p in O distinct from the primes in Z such thatX Op is smooth over O p and such thatX p =X ⊗ k(p) is irreducible. The latter because of Zariski's connectedness theorem [3, III.11.3] . Let A be the semi-local ring corresponding to the finite set of points Z ∪ {p} of Spec(O) and I its Jacobson radical. 
is surjective due to the chinese remainder theorem. This enables us to lift H to a hypersurface H A in P N A . Observe that H ∩X p is smooth and connected, the latter by Proposition 2.2. Using this one can show that H A ∩X is irreducible, since otherwise the different irreducible components would intersect in the fibre over p, which would contradict the smoothness of H ∩X p . Let X ′ be a smooth open neighborhood in X of the points x i which extends the intersection of X with the hypersurface H A . Then X ′ is an integral smooth quasi-projective arithmetic scheme over O of dimension dim(X) − 1 containing the points x i , so that we can apply an induction to reduce to the case dim(X) = 2 which is shown below in the 2nd part of the proof. Now assume Y C = Y × X C was not irreducible, where C is as in the claim. This would mean that the composite π 1 (C) → π 1 (X) → Gal(Y /X) was not surjective. But as its image contains Frobenii in every conjugagy class of Gal(Y /X), this would give a contradiction because of Lemma 3.2. 2nd part: Now we assume dim(X) = 2 and consider an embedding X → P N O . Let again Z ⊂ |Spec(O)| be the image of the set of points {x i |1 ≤ i ≤ m}. Let (X 0 , . . . , X N ) be homogeneous coordinates for P N O . After performing an n-uple embedding and a linear change of variables we can without restriction assume that x i / ∈ H X 0 for 1 ≤ i ≤ m. Let A be the semi-local ring with Jacobson radical I corresponding to the finite set of points Z of Spec(O). Then by Proposition 2.1 for d ≫ 0 we find a section f ′ ∈ H 0 (P N A/I , O(d)) such that the hypersurface H f ′ of P N A/I has proper intersection withX ⊗ O A/I and contains the points x i as smooth points. Let f ∈ H 0 (P N A , O(d)) be a preimage of f under the natural map im * described above. Now consider the rational map φ : P N A → P 1 A induced by (X d 0 , f ). After shrinking X we can assume that φ induces a morphism φ| X : X → P 1 O . It isétale at the points x i for 1 ≤ i ≤ n. In fact it is enough to show the latter fibrewise for the fibres over Z where it follows from the choice of f ′ ∈ H 0 (P N A/I , O(d)). Now by further shrinking X around the points {x i |1 ≤ i ≤ m} we can assume that φ| X isétale. Let U ⊂ P 1 O be a nonempty open subset such that (φ| X ) −1 (U ) → U is anétale covering. Restricting Y to φ| −1 X (U ) we obtain anétale covering of U and denote by Y U → U the Galois normalization. Choose a finite set of closed points x j ∈ |U | (n < j ≤ m) such that each conjugacy class in Gal(Y U /U ) contains one of the Frobenii F rob x j (n < j ≤ m).
Claim (dim = 2) There exists a curve C on P 1 O which contains φ(x i ) (1 ≤ i ≤ n) and x j (n < j ≤ m) as regular points.
Proof. The proof is almost verbatimly the same as that of the claim in the 1st part, except that we have to choose the hypersurface H such that its fibre over the auxiliary prime p has only one scheme theoretic point, which is not difficult. Remark that the Gabber-Poonen results of Section 2 used in this case are in fact trivial. Let C be as in the claim. The curve (φ| X ) −1 (C) is the curve we were looking for. In fact it is irreducible because Y U × C is irreducible. The latter because otherwise π 1 (C ∩ U ) → π 1 (U ) → Gal(Y U /U ) would not be surjective in contradiction to Lemma 3.2, as the image contains Frobenii F rob x j (n < j ≤ m) in every conjugacy class. If i > 1 the union is not disjoint and counting the elements on both sides would give ord(G) < i · ord(H), which is a contradiction.
